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Motivated by the problem of solving the Einstein equations, we discuss high order finite
difference discretizations of first order in time, second order in space hyperbolic systems.
Particular attention is paid to the case when first order derivatives that can be identified
with advection terms are approximated with non-centered finite difference operators.
We first derive general properties of these discrete operators, then we extend a known
result on numerical stability for such systems to general order of accuracy. As an applica-
tion we analyze the shifted wave equation, including the behavior of the numerical phase
and group speeds at different orders of approximations. Special attention is paid to when
the use of off-centered schemes improves the accuracy over the centered schemes.
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1. Introduction

Numerical discretization of first order hyperbolic systems of partial differential equations (PDEs) is greatly simplified by a
result for the linear constant coefficient case [1]: if the Cauchy problem is well-posed, then the semi-discrete problem (only
discretizing space and leaving time continuous) is stable when spatial derivatives are discretized with a centered finite dif-
ference operator (CFDO). Furthermore, when using simple Runge–Kutta methods [2] for time integration, for sufficiently
small time step the fully-discrete problem is also stable.

Such a result does not hold in general for second order systems where first and second spatial derivatives appear [3]! In
order to obtain a stable semi-discrete scheme, the second order system needs to have additional properties. In [3], which in
the following we refer to as CHH, sufficient conditions for stability of the fully-discrete problem were presented for such sys-
tems. Although these conditions are valid for general order centered discretizations, this point has not been explicitly made.
One of the results of this article is to make this statement clear, by closing a technical gap related to the boundedness of the
lower order terms. The main focus of our work is on a detailed analysis of the numerical properties of discretizations where
some first order derivatives are approximated with off-centered finite difference operators and artificial dissipation is added
to the equations. The motivation for choosing this more general situation comes from numerical relativity, where it is a com-
mon practice to off-center by one point the derivatives corresponding to the Lie advection terms. In numerical simulations of
black holes using the BSSN formulation of the Einstein equations [4–6], this procedure of off-centering was found to be
essential even for sixth order schemes [7]. Numerical solutions of the Einstein equations are currently quickly expanding
our knowledge about the astrophysics of compact binaries (see [8,9] for overviews on what has been achieved since the
. All rights reserved.
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major breakthroughs in 2005 [10–12]), but a systematic understanding of the underlying numerical techniques has not yet
been achieved.

The shifted scalar wave equation serves as a simple but powerful model in numerical relativity [13–17]. The particular
case with zero shift and flat background (standard wave equation) has been extensively studied in [18,19] and high order
discretization methods have been proposed. In Section 2 we introduce the shifted scalar wave equation as a first order in
time, second order in space system, together with a summary of the well-posedness theory for mixed order systems. We
show stability for our semi-discrete problem, independent of shift or dissipation terms, while the fully-discrete problem re-
quires artificial dissipation if more than one point is off-centered. Restricting to flat space in one space dimension, Courant
limits and numerical phase and group speeds are computed and analyzed in detail. It is shown that increasing the off-cen-
tering reduces the Courant limit. However, by increasing the order of approximation while keeping the off-centering fixed,
does not necessarily generate lower Courant limits. Regarding the numerical speeds, it is shown that indeed there are cases
when off-centering improves the accuracy over the centered scheme. This fact is illustrated also experimentally by the re-
sults of some simple numerical tests at the end of Section 5.

Our analysis of the wave equation relies on certain properties of finite difference operators, in particular on their behavior
in Fourier space. We introduce these operators in Section 3 together with highlighting some relevant properties. Then, in
Section 4 we address the stability method and follow in Section 5 with the analysis of the wave equation. Our results are
summarized in Section 6.
2. The shifted wave equation and first order in time second order in space hyperbolic systems

The scalar wave equation in a dþ 1-dimensional spacetime equipped with a Lorentzian metric gab reads
gab@a@bU ¼ 0: ð1Þ
We assume a uniform time slicing for simplicity, g00 ¼ �1, and perform a dþ 1 split introducing a positive definite d-metric
cjl ¼ gjl þ bibj, with i; j ¼ 1; d and a shift vector bi ¼ g0i (see, e.g. [20]). The wave Eq. (1) then becomes
@ttU ¼ 2bi@i@tUþ ðcjl � bibjÞ@i@jU:
The mixed time-space derivatives lead to non-standard behavior as compared to the flat space wave equation with zero shift,
and much of the material below will be devoted to their treatment.

We reduce the wave equation to a first order in time, second order in space form by introducing the variable K, in analogy
with the York-ADM-system [21] (and other common representations of the Einstein equations),
K ¼ @tU� bj@ jU
which transforms the wave equation into the first order in time, second order in space system in the way most common in
numerical relativity:
@tU ¼ bj@jUþ K; @tK ¼ cjl@jlUþ bj@jK: ð2Þ
Well-posedness for the Cauchy problem for the system (1) is a standard textbook result both in the original second order
form and for reduction to first order symmetric hyperbolic form. In the latter form standard theorems for numerical stability
apply [1]. Here we investigate the numerical stability for the first order in time, second order in space system (2), using the
methods presented in [3]. In this respect, the appropriate generalization of the shifted wave equation is a linear system of
PDEs with constant coefficients of the form [3]:
d
dt

vðt; xÞ ¼ Pvðt; xÞ; v ¼ ðU;VÞT ;
with x 2 Rd; U : R � Rd ! Rp; V : R � Rd ! Rq and
P ¼
Aj
@ j þ B C

Djl@jl þ Ej@j þ F Gj@ j þ J

 !
: ð3Þ
Note that the state vector v is split into two parts, U are those variables for which only first spatial derivatives appear, while
second spatial derivatives of the V-variables do enter the PDE. The well-posedness of the Cauchy problem for first order in
time, second order in space systems of PDEs systems has been clarified by [22–26]. We will here recall the presentation in
CHH, where the well-posedness of such systems of PDEs is discussed in close analogy with the issue of numerical stability. It
is natural to consider 2p-periodic solutions and turn the analysis in Fourier space.

In Fourier space the evolution problem reduces to a system of ordinary differential equations (ODEs) for the Fourier coef-
ficients. By performing a first order reduction in Fourier space, it can be shown that well-posedness is not influenced by low-
er differential order terms, which we can therefore drop and consider the second-order principal symbol constructed as
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P̂0 ¼ ix0An C

�x2
0Dnn ix0Gn

 !
;

where x0 ¼ jxj; x ¼ ðx1; . . . ;xdÞ 2 Zd; Mn ¼Mjnj and nj ¼ xjx�1
0 .

It is shown in [3] that if there exists a matrix ĤðxÞ ¼ ĤyðxÞ such that ĤP̂0 þ P̂0yĤ ¼ 0 and a positive constant K, such that
K�1Ix0 6 Ĥ 6 KIx0 (where Ix0 ¼ diag½x2

0Ip; Iq�), then the problem is well-posed in the norms
kvk2
@ ¼

Z Xd

j¼1

j@jUj2 þ jVj2; kvk2
H ¼

X
x2Zd

v̂yĤv̂:
In [3] an analysis of numerical stability was performed in analogy with the proof of well-posedness as we have sketched it,
and which we will extend to arbitrary approximation order in Section 4. But, before going into stability analysis, we need to
discuss some general properties of finite difference operators.

3. Finite difference operators

3.1. Construction and properties in one dimension

Consider a mesh of equidistant points xm ¼ mh, with m 2 Z and h representing the grid spacing. Corresponding to the con-
tinuum vector-function v : R! C� � � � � C we associate the grid vector-function v by v : fxm; m ¼ 0;�1;�2; . . .g ! C

� � � � � C and vm � vðxmÞ ¼ vðxmÞ.
Using 2nþ 1 consecutive points, we want to construct the finite difference operator corresponding to the m-derivative.

Let s 2 f0;1; . . . ;ng be the offset of these points from symmetry with respect to the center, (s ¼ 0 for CFDO) and � the direc-
tion of off-centering (� ¼ 1 for off-centering to the right, � ¼ �1 for off-centering to the left).1 Then the finite difference oper-
ator to be constructed will be denoted Dðm;n;s;�Þ. It is a linear combination of shift operators of the form:
Dðm;n;s;�Þ ¼ h�m
Xnþ�s

k¼�nþ�s

~f m;n;s;�;kSk; ð4Þ
where Sk be the shift operator by k points, Skvm ¼ vmþk. The weights ~f m;n;s;�;k can be expressed as the coefficients of yk in the
Taylor expansion of the function
f m;n;s;�ðyÞ ¼ yn��sðln yÞm
around the point y0 ¼ 1 up to the order ðy� y0Þ
2n (see Appendix A for the proof). Using this procedure, one can deduce ex-

plicit expressions for the finite difference operators corresponding to the first and second derivative (the relations (60) from
Appendix A).

These expressions are fairly complicated, but they can be written in a more convenient form if we make use of the ele-
mentary finite difference operators:
D�vm ¼ �h�1ðvm�1 � vmÞ;

d0 ¼
h
2

Dþ þ D�ð Þ;

p ¼ hðDþ � D�Þ ¼ h2DþD�: ð5Þ
Note that the operators d0 and p are dimensionless.
Then, a direct but lengthy calculation starting from the definitions (60) leads us to the following expressions for

Dð1;nÞ � Dð1;n;0;0Þ; Dð2;nÞ � Dð2;n;0;0Þ, the rest RðnÞ � ðDð1;nÞÞ2 � Dð2;nÞ and Dð1;n;s;�Þ:
Dð1;nÞ ¼ h�1d0 1þ
Xn�1

k¼1

ckpk

 !
;

Dð2;nÞ ¼ h�2p 1þ
Xn�1

k¼1

dkpk

 !
;

RðnÞ ¼ h�2 ncn�1

2
pnþ1

Xn�1

k¼0

ck

nþ 1þ k
pk;

Dð1;n;s;�Þ ¼ Dð1;nÞ þ h�1 d0

Xs�1

k¼1

akpk � �p
Xs�1

k¼1

bkpk

 !
pn; ð6Þ
ugh one can simplify the notation by dropping � and considering s 2 f�n; . . . ; ng, it will later turn out useful to separate the sign of s and its absolute



Table 1
Leading order truncation errors for the first order discrete derivative.

jTð1;n;sÞj n = 1 n = 2 n = 3 n = 4

s = 0 1
6

1
30

1
140

1
630

s = 1 1
3

1
20

1
105

1
504
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where
ck ¼ ð�1Þk ðk!Þ2

2kþ 1ð Þ! ; dk ¼
ck

kþ 1
;

ak ¼ ð�1Þn
Xs�1

j¼k

ð�1ÞjC2k
jþk

ðn� jÞCnþj
2n

; bk ¼ ð�1Þnþs C2kþ1
sþk

2ðnþ 1þ kÞCnþs
2n

: ð7Þ
Notice that the coefficients ck and dk do not depend on n, while ak; bk do depend on n and s.
The leading order truncation error of order 2n is defined as
dv
dx

����
x0

� Dð1;n;s;�Þv0 � Tð1;n;s;�Þ
d2nþ1v
dx2nþ1

�����
x0

h2n þ Oðh2nþ1Þ;

d2v
d2x

�����
x0

� Dð2;nÞ � T ð2;nÞ
d2nþ2v
dx2nþ2

�����
x0

h2n þ Oðh2nþ2Þ:
A direct calculation yields
Tð1;n;s;1Þ ¼ T ð1;n;s;�1Þ ¼ T ð1;n;sÞ ¼ ð�1Þsþn ðnþ sÞ!ðn� sÞ!
ð2nþ 1Þ! ;

Tð2;nÞ ¼ dn ¼ ð�1Þn 2ðn!Þ2

ð2nþ 2Þ! :
It is well known that the centered FDO has the smallest leading order truncation error, jTð1;n;0Þj < jT ð1;n;sÞj for s > 0 (see also
Table 1).

3.2. Fourier representation of difference operators

We assume a finite grid defined by a set of N points,
SxðNÞ ¼ fxm ¼ mh; with h ¼ 2p=N; 8m ¼ 0; . . . ;N � 1g; ð8Þ
and consider periodic grid functions vm ¼ vmodðm;NÞ, decomposed as
vm ¼
X

x2SxðNÞ
v̂ðxÞbmðxÞ; ð9Þ
where
bmðxÞ ¼ ð2pÞ�1=2eixxm ; ð10Þ

SxðNÞ ¼
f�N=2þ 1; . . . ;N=2g; if N is even;
f�ðN � 1Þ=2; . . . ; ðN � 1Þ=2g; if N is odd:

�
ð11Þ
The set SxðNÞ represents the set of discrete wave numbers, and in the space of periodic grid functions the set
fbmðxÞ;x 2 SxðNÞg forms a orthonormal basis with respect to the scalar product and the associated norm
ðv ;uÞh ¼
X

xm2SxðNÞ
vyðxmÞuðxmÞVh; kvk2

h ¼ ðv ;vÞh: ð12Þ
with Vh ¼ h. The quantities v̂ðxÞ represent the discrete Fourier coefficients. The scalar product satisfies the Parseval relation:
ðv ;uÞh ¼
X

x2SxðNÞ
v̂yðxÞûðxÞ: ð13Þ
Let n ¼ xh 2 SnðNÞ with
SnðNÞ ¼
f�pþ 2p=N; . . . ;pg; if N is even;
f�pþ p=N; . . . ;p� p=Ng; if N is odd:

�
ð14Þ
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Now apply the shift operator Sk on a basis vector bmðxÞ. This leads to
Skeixxm ¼ bSkðnÞeixxm ; with bSkðnÞ ¼ eink:
The function bSkðnÞ represents the discrete Fourier symbol of the shift operator. For any discrete operator D ¼
P

kakðhÞSk the
Fourier symbol is defined by
Deixxm ¼ bDðn; hÞeixxm ; with bDðn; hÞ ¼
X

k

akðhÞbSkðnÞ;
and for a general finite difference operator Dðm;n;s;�Þ the symbol is
bDðm;n;s;�Þðn; hÞ ¼ h�m
Xnþ�s

k¼�nþ�s

~f m;n;s;�;keink: ð15Þ
For the elementary discrete operators (5) we obtain
bD�ðn; hÞ ¼ �h�1ðe�in � 1Þ;
d̂0ðnÞ ¼ id̂ðnÞ; where d̂ðnÞ � sin n;

p̂ðnÞ ¼ �X̂2ðnÞ; where X̂ðnÞ � 2 sin
n
2
;

and it is useful to note that jbDþðn; hÞj ¼ jbD�ðn; hÞj ¼ h�1X̂ðnÞ.
The symbols for the first and second order derivative operators are straightforwardly computed using (6),
bDð1;nÞðn; hÞ ¼ id̂ð1;nÞðnÞh�1

;bDð2;nÞðn; hÞ ¼ �d̂ð2;nÞðnÞh�2
;bRðnÞðn; hÞ ¼ r̂ðnÞðnÞh�2

bDð1;n;s;�Þðn; hÞ ¼ � d̂ð1;n;sÞðnÞ þ id̂ð1;n;sÞðnÞ
� �

h�1
; ð16Þ
where we define
d̂ð1;nÞ � d̂
Xn�1

k¼0

jckjX̂2k;

d̂ð2;nÞ � X̂2
Xn�1

k¼0

dkj jX̂2k;

r̂ðnÞ ¼ �ðd̂ð1;nÞÞ2 þ d̂ð2;nÞ ¼ njcn�1j
2

X̂2ðnþ1Þ
Xn�1

k¼0

jckj
nþ 1þ k

X̂2k;

d̂ð1;n;sÞ ¼ X̂2nþ2
Xs�1

k¼0

ð�1ÞnþkbkX̂2k;

d̂ð1;n;sÞ ¼ d̂ð1;nÞ þ d̂X̂2n
Xs�1

k¼0

ð�1ÞnþkakX̂2k: ð17Þ
In the following we list a series of particularly relevant properties of the Fourier symbols, further properties are given in
Appendix C.

First note that the quantities r̂n and d̂ð2;nÞ are positive, and even more, from (17) it is easy to check that the following
inequalities hold:
0 6 d̂ð2;nÞ 6 d̂ð2;nþ1Þ; ð18Þ

1 P
r̂ðnÞ

d̂ð2;nÞ
P

r̂ðnþ1Þ

d̂ð2;nþ1Þ
; ð19Þ

C�1
n X̂2

6 X̂2
6 d̂ð2;nÞ 6 CnX̂2; where Cn � 1þ

Xn�1

k¼1

dkj j4k P 1: ð20Þ
The real part of the Fourier symbol of the first derivative is an even function of the frequency n, while the imaginary part is an
odd function. The real part of the Fourier symbol of the first derivative also

� vanishes for centered operators ðs ¼ 0Þ,
� keeps the same sign for all frequencies, in case the operator is one-point off-centered ðs ¼ 1Þ,
� changes sign for off-centering by more than one point ðs > 1Þ.



Fig. 1. Fourier symbols as functions of the frequency n, for different approximation orders. For increasing order the second derivative becomes more
accurate for all frequencies, while the first derivative does not converge for n ¼ p.
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The derivatives with respect to n of the Fourier functions satisfy:
Fig. 2.
the slo
overcom
a frequ
@nd̂ð2;nÞ ¼ 2d̂ð1;nÞ; @nr̂ðnÞ ¼ 2
ðn!Þ2

ð2nÞ! X̂
2nd̂ð1;nÞ; ð21Þ

@nd̂ð1;n;sÞ ¼ ð�1Þs

Cn�s
2n

sinðsnÞX̂2n; @nd̂ð1;n;sÞ ¼ 1� ð�1Þs

Cn�s
2n

cosðsnÞX̂2n:
In the following we show some plots to illustrate how the errors of the Fourier symbols scale with the order of approxima-
tion and off-centering. The error is defined in respect to the continuum limit, i.e., h�mðinÞm for bDðm;n;s;�Þ.

Fig. 1 shows the Fourier symbols d̂ð1;nÞ; d̂ð2;nÞ and r̂ðnÞ as functions of the frequency n for different orders of accuracy. For
increasing approximation order, the second derivative becomes more accurate for all frequencies, while the first derivative
does not converge to the continuum limit for the highest frequency in the grid, where the symbol is zero. The p-frequency
will not be captured also by the off-centered discrete operators associated with the first derivative. In addition, for them, the
error scales with the order only at small frequencies.

Fig. 2 shows the scaling of the error for d̂ð1;n;sÞ with the off-centering at fixed order of approximation. In the region of small
frequencies, off-centering increases the error. At larger frequencies this behavior changes. For each s, there are exactly s fre-
quencies in ð0;pÞ where the error cancels. However, for s P 2 there are large intervals where the error overcomes by far the
error when s ¼ 0. For s ¼ 1 we observe that while at small frequencies, the error is slightly larger than for s ¼ 0, for each
order 2n, there is a frequency, nðnÞ, beyond which the error is smaller than for the case s ¼ 0. This frequency can be computed
numerically, e.g. nð1Þ ¼ 1:3787, nð2Þ ¼ 1:0036; nð3Þ ¼ 0:8234; nð4Þ ¼ 0:7136.
Errors for d̂ð1;n;sÞ at fixed order but different off-centerings are shown, scaled with jcnjn2n (n ¼ 1;2;3;4). For small n the curves are straight lines with
pe jcnTð1;n;sÞ j, and larger s increases the error. At higher frequencies this behavior changes, but for s P 2 large intervals appear where the error

es by far the error when s ¼ 0. For s ¼ 1 we observe that while at small frequencies, the error is slightly larger than for s ¼ 0, for each order there is
ency nðnÞ beyond which the error is smaller than for s ¼ 0.
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3.3. Generalization to d-dimensions

In this work we will use the common straightforward generalization of finite difference operators from one to d dimen-
sions. We extend first derivatives in a particular coordinate direction in the trivial way, and second derivative operators in
the jl-directions are defined as
2 The
Dð2;nÞjl ¼
Dð1;nÞj Dð1;nÞl ; for j – l;

Dð2;nÞj ; for j ¼ l:

8<: ð22Þ
The Fourier symbols for the first and second derivative operators take the form
bDð1;n;s;�Þj ¼ h�1
j �j d̂ð1;n;sjÞðnjÞ þ id̂ð1;n;sjÞðnjÞ
� �

;bDð1;nÞj ¼ h�1
j id̂ð1;nÞj ;

bDð2;nÞjl ¼ h�1
j h�1

l

�d̂ð1;nÞj d̂ð1;nÞl j – l;

�d̂ð2;nÞj j ¼ l:

8<: ð23Þ
In order to simplify notation, we will also use the following convention: any function in frequencies, and possible, grid spac-
ings, f̂ ðni1 ; . . . ; nir ; hi1 ; . . . ;hir Þ will be referred to by f̂ i1 ���ir , and by f̂ in case it depends on all frequencies. More detailed defini-
tions for the d-dimensional case are given in Appendix B.

3.4. Dissipation operators

In order to achieve numerical stability for problems that go beyond the linear constant coefficient case, it is common prac-
tice to add artificial dissipation to the right-hand-sides of the time evolution equations. In this work we only deal with the
constant coefficient problem, but in (5.2) we will also use dissipation to stabilize numerical schemes which would be unsta-
ble otherwise.

Dissipation terms are typically chosen to converge away fast enough so as not to change the convergence order of the
scheme. Here we use the Kreiss–Oliger dissipation operator Dð2mÞ of order 2m [1] and its Fourier representation bDð2mÞ,
Dð2mÞ ¼ � ð�1Þm

22m

Xd

j¼1

rjh
2m�1
j ðDþjÞmðD�jÞm; bDð2mÞ ¼ � 1

22m

Xd

j¼1

rj

hj
X̂2m

j ; ð24Þ
for a 2m� 2 accurate scheme, where the parameters rj P 0 regulate the strength of the dissipation. Using this form of
numerical dissipation, theorems can be proved concerning the numerical stability of non-constant-coefficient hyperbolic
PDEs [1]. Note that it is more common to have the dissipation parameters rj not depend on the direction or other parameters
of the system.
4. Numerical stability for first order in time, second order in space hyperbolic systems

We now turn to the analysis of numerical stability for the system (3), following [3]. This problem is greatly simplified by
adopting the method-of-lines approach where initially time is kept continuous and only space is discretized (i.e. the semi-
discrete problem). Then the discrete system to be analyzed becomes
d
dt

v ¼ Pv ; v ¼ ðU;VÞT ;

P ¼
AjDð1;nÞj þ B C

DjlDð2;nÞjl þ EjDð1;nÞj þ F GjDð1;nÞj þ J

0@ 1A: ð25Þ
We consider periodic grid functions in each direction, and Fourier transform the system as discussed in Appendix B. Then a
first order reduction is performed by introducing the variable ŵ,
ŵ � iX0û; X2
0 ¼

Xd

j¼1

jbDþjj2; ð26Þ
where bDþj is the Fourier symbol of the forward finite difference operator in the j-direction, Dþj. The case X0 ¼ 0 (which cor-
responds to zero frequencies in all directions) does not play any role in the stability analysis,2 so we define
S	nðNÞ ¼ SnðNÞ � 0d and assume n 2 S	nðNÞ.
zero frequency vector corresponds to a term constant in space.
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By (26) we obtain the following system of ODEs
d
dt

v̂R ¼ bPRv̂R with v̂R ¼ ðû; ŵ; v̂ÞT ;

bPR ¼

B ðiX0Þ�1Aj bDð1;nÞj C

0 Aj bDð1;nÞj þ B iX0C

F ðiX0Þ�1 Djl bDð2;nÞjl þ Ej bDð1;nÞj

� �
Gj bDð1;nÞj þ J

0BBB@
1CCCA: ð27Þ
Using the Theorem 5.1.2 of [1] CHH show that the terms which correspond to the continuum lower order terms can be
dropped from bPR without affecting the stability analysis if
ðiX0Þ�1 bDð1;nÞj ; kbDð1;nÞj ; kX�1
0
bDð2;nÞjl ð28Þ
are bounded for all frequencies n 2 S	nðNÞ. In the relations (28), k represents the time step. We will show in Lemma 4.1 that
this is indeed the case for any order of accuracy 2n.

Having proved this, the rest of the discussion in CHH applies. The problem now reduces to the analysis of a first order
system with the principal part:
bP 0R ¼ Aj bDð1;nÞj iX0C

ðiX0Þ�1Djl bDð2;nÞjl Gj bDð1;nÞj

0@ 1A: ð29Þ
For this type of system, sufficient conditions for stability have been deduced in [1]. These conditions have been exploited in
CHH to analyze the stability of the second order system. By introducing the so-called second-order principal symbol of the
semi-discrete system,
bP 0 ¼ Aj bDð1;nÞj C

Djl bDð2;nÞjl Gj bDð1;nÞj

0@ 1A; ð30Þ
and assuming that the time integration is done using one-step explicit schemes, CHH show that the following conditions are
sufficient for stability:

Condition 1: There exists a hermitian matrix bHðn; hÞ such that
K�1IX0 6
bH 6 KIX0 ; IX0 ¼ diag½X2

0; IqN�;bHbP 0 þ bP 0y bH ¼ 0; ð31Þ
for some positive constant K.

Condition 2: The eigenvalues of kbP 0 have non-positive real parts and
rðkbP0Þ 6 a0; ð32Þ
where rðkbP 0Þ is the maximum spectral radius of kbP 0 and a0 is a constant specific to the time integrator.

Remarks
� The condition (31) implies that the semi-discrete problem is stable with respect to the norms D� defined as:
kvk2
h;D� ¼

Xd

i¼1

kD�iUk2
h þ kVk

2
h; ð33Þ

where k:k2
h is the d-dimensional analog of (12).

� The semi-discrete problem is stable also in the norm kvk2
h;H defined by:
kvk2
h;H ¼

X
x2SxðNÞ

v̂y bHv̂: ð34Þ

This norm is conserved by the principal symbol of the evolution system, kvðt; :Þkh;H ¼ kvð0; :Þkh;H .
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� The constant a0 in (32) denotes the radius of local stability on the imaginary axis (Rlsia) in case the eigenvalues of kbP 0 are
purely imaginary, and the radius of local stability ðRlsÞ, otherwise.3

� In case all the grid spacings are equal, h1 ¼ � � � ¼ hd ¼ h, and we introduce the Courant factor k ¼ k=h, then the relation (32)
provides the Courant limit:
3 For
k 6
a0

rðhbP 0Þ : ð35Þ
� If the right-hand-side of the system (25) is modified by adding artificial dissipation (using the operator Dð2mÞ defined in
(24)) and/or by adding shift advection terms of the form IbjD

ð1;n;sj ;�Þ
j (where D

ð1;n;sj ;�Þ
j is the non-centered FDO in the j-direc-

tion constructed from (6)), these modifications only have effect on the diagonal entries of the principal part. The new sys-
tem will have different eigenvalues than bP 0 but the same set of eigenvectors. The symmetrizer will not depend on the way
we discretize the advection terms, nor on the dissipation operator. The stability Conditions 1–2 remain valid if
ðiX0Þ�1 bDð1;n;sj ;�Þ
j ; ðiX0Þ�1 bDð2mÞ ð36Þ

are bounded and this will be shown below together with the boundedness of the terms (28).

Lemma 4.1. The following quantities are bounded for all frequencies n 2 S	nðNÞ:
ðiX0Þ�1 bDð1;nÞj ; kbDð1;nÞj ; kX�1
0
bDð2;nÞjl ; ðiX0Þ�1 bDð1;n;sj ;�Þ

j ; ðiX0Þ�1 bDð2mÞ: ð37Þ
Making use of the relations (23) and (24), the proof reduces to showing the boundedness of
X̂�1
0 d̂ð1;nÞj ; d̂ð1;nÞj ; X̂�1

0 d̂ð2;nÞj ; X̂�1
0 ðd̂

ð1;nÞ
j Þ2; X̂�1

0 d̂
ð1;n;sjÞ
j ; X̂�1

0 d̂ð1;n;sjÞ
j ; X̂�1

0 X̂2m
j :
From the relations (17) we observe that each of these quantities can be written formally as a product X̂�1
0 X̂jFðnjÞ, with FðnjÞ a

continuous and bounded function in ð�p;p�. Since X̂�1
0 X̂j is bounded for all Xj 2 ð�2;2�; j ¼ 1; . . . ; d but not all zero in the

same time, we obtain the desired result.

5. Application: scalar wave equation

5.1. Semi-discrete problem

The system (2) is discretized assuming, for simplicity, that the grid spacings are equal (h1 ¼ � � � ¼ hd ¼ h). The case hi–hj

for some directions i and j does not introduce further complications in the following analysis.
We construct the semi-discrete system corresponding to (2) by:
d
dt

U ¼
Xd

j¼1

bjD
ð1;n;sj ;�jÞ
j Uþ K;

d
dt

K ¼ cjlDð2;nÞjl Uþ
Xd

j¼1

bjD
ð1;n;sj ;�jÞ
j K: ð38Þ
This way of discretizing the first order derivative terms, which correspond to advection along the shift vector bi, with off-
centered derivatives has become customary in numerical relativity (see, e.g. [7,27,28]).

We define the shorthand quantity D̂ as
D̂ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�cjl bDð2;nÞjl

q
¼ h�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cjld̂ð1;nÞj d̂ð1;nÞj þ

Xd

j¼1

cjj r̂ðnÞj

vuut :
Then the discrete symbol, the diagonalizing matrix and the eigenvalues can be written as
bP 0 ¼ bj bDð1;n;s;�Þj 1

�D̂2 bj bDð1;n;s;�Þj

0@ 1A; ð39Þ

bT�1 ¼ iD̂ 1
�iD̂ 1

 !
; K̂� ¼

Pd
j¼1

bj bDð1;n;sj ;�jÞ
j � iD̂: ð40Þ
the classical fourth order Runge–Kutta, Rlsia ¼
ffiffiffi
8
p
¼ 2:83 and Rls ¼ 2:61.



2684 M. Chirvasa, S. Husa / Journal of Computational Physics 229 (2010) 2675–2696
Because r̂ðnÞj P 0, according to (17), and the matrix cjl is positive definite, the quantity D̂ is real and D̂ P 0 with equality only
when all nj are zero. Thus
bH � 1
2
bT�1ybT�1 ¼ D̂2 0

0 1

 !

is a symmetrizer for the system (38). We observe that the symmetrizer does not depend on the diagonal entries of the sym-
bol bP 0, e.g. does not depend on the way we advect the shift terms.

We still have to prove that there exists a constant K P 1 such that
K�1X2
0 6 D̂2

6 KX2
0: ð41Þ
The positivity of the matrix cjl implies the existence of a constant c1 > 0 such that
c1 6 min cjj and cjlyjyl P c1jyj2; 8y ¼ ðy1; . . . ; ydÞ 2 Rd: ð42Þ
Furthermore, because jcjlj <1 there also exists a constant c2 > 0 such that
c2 P max cjj and cjlyjyl 6 c2jyj2; 8y ¼ ðy1; . . . ; ydÞ 2 Rd: ð43Þ
Using (42) and the inequalities (20) we obtain
h2D̂2 P ðmin cjjÞ
Xd

j¼1

r̂ðnÞj þ c1

Xd

j¼1

ðd̂ð1;nÞj Þ2 P c1

Xd

j¼1

d̂ð2;nÞj P c1X̂2
0:
On the other hand, by (43) and again (20) we have that
h2D̂2
6 ðmax cjjÞ

Xd

j¼1

r̂ðnÞj þ c2

Xd

j¼1

ðd̂ð1;nÞj Þ2 6 c2

Xd

j¼1

d̂ð2;nÞj 6 c2CnX̂2
0:
We chose K ¼maxfc�1
1 ; ðc2CnÞ;1g and obtain the relation (41).

The conserved discrete quantity in physical space associated to bH, i.e. the norm kvkh;H defined in (34), is
kvk2
h;H ¼

1

h2

Xd

j¼1

cjj
Xn

k¼1

jdk�1jkðhDþjÞkUk2
h þ

X
j–l

cjlkhDð1;nÞl Uk2
h

" #
þ kKk2

h;
where v ¼ ðUT ;KTÞT . Having proved the existence of a symmetrizer we have proved that the semi-discrete problem is stable
with respect to the norms Dþ and H. Note again that the stability property does in particular not depend on how the shift
terms are discretized.

5.2. Courant limits and the role of dissipation

In order for the fully-discrete problem to be stable we impose the non-positivity condition on the real part of the eigen-
values and restrict the Courant factor k according to the inequality (35):
ReðK̂�Þ 6 0; ð44Þ

k 6
a0

maxn2Sn
hK̂�
��� ��� : ð45Þ
From (40) we have
hReðK̂�Þ ¼
Xd

j¼1

bj�jd̂
ð1;n;sjÞ
j : ð46Þ
The relation (44) has to hold for all frequencies nj 2 ð�p;pÞ. Because each term j in the sum (46) can be canceled individually
at nj ¼ 0, the non-positivity condition has to applied for each term. The problem reduces to the study of the one-dimensional
case,
b�d̂ð1;n;sÞðnÞ 6 0 with n 2 ð�p;p�: ð47Þ
Because d̂ð1;n;sÞ is zero for s ¼ 0, negative for s ¼ 1 and changes sign for s P 2, it is clear that the condition holds for centered
and one-point upwinded ð� ¼ signbÞ schemes and is violated in all the other cases.

However, the condition can be reestablished if appropriate artificial dissipation is added to the system. By using the Kre-
iss–Oliger dissipation operator (24), the condition (47) changes to



Table 2
Formulas for the dissipation parameters �rðn;sÞ� when s ¼ 1;2;3. The quantity 22ðnþ1Þ jbjj�rðn;sÞ� (� stands for upwind/downwind) represents the minimum
dissipation that one has to add to make the numerical scheme stable.

�rðn;sÞþ �rðn;sÞ�

s = 1 � 1
2Cnþ1

2n

1
nþ1

1
2Cnþ1

2n

1
nþ1

s = 2 1
2Cnþ2

2n

2
nþ1

1
2Cnþ2

2n

2n
n2þ3nþ2

s = 3 1
2Cnþ3

2n

nðnþ4Þ
ðnþ1Þðnþ2Þ2

1
2Cnþ3

2n

3
nþ1
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b�d̂ð1;n;sÞðnÞ � 1

22ðnþ1Þ rX̂2ðnþ1ÞðnÞ 6 0 with n 2 ð�p;p� ð48Þ
This imposes a lower limit on the dissipation parameter r:
r P rminðb;n; s; �Þ ¼
22ðnþ1Þjbj�rðn;sÞþ ; � ¼ signb ðupwindÞ;
22ðnþ1Þjbj�rðn;sÞ� ; � ¼ �signb ðdownwindÞ;

(
ð49Þ
where we have denoted
�rðn;sÞþ �maxX̂2ð0;2�
d̂ð1;n;sÞ

X̂2ðnþ1Þ
; �rðn;sÞ� � � min

X̂2ð0;2�

d̂ð1;n;sÞ

X̂2ðnþ1Þ
ð50Þ
and used the fact that d̂ð1;n;sÞ is, according to (17), a sum over powers of X̂.
In Table 2 we give the formulas for �rðn;sÞ� for s ¼ 1;2;3. We remark that for all n P 1; �rðn;1Þþ < 0; �rðn;1Þ� > 0 and �rðn;sÞ� > 0 for

all s > 1.
This means that when using one-point upwinded stencils, we can add ‘‘negative” dissipation and still obtain a stable

scheme. In fact, the following situations are equivalent:

� Upwind one point and add dissipation with r ¼ 22ðnþ1Þjbj�rðn;1Þþ < 0.
� Downwind one point and add dissipation with r ¼ 22ðnþ1Þjbj�rðn;1Þ� > 0.
� Use the CFDO operator 1=2ðDð1;n;s;1Þ þ Dð1;n;s;�1ÞÞ (constructed with 2ðnþ sÞ þ 1 points), and do not add dissipation, r ¼ 0.

In any of the above three situations, the real part of the eigenvalues is zero, so if the Courant limit is small enough then we
obtain stability on the imaginary axis. Now, coming back to the d-dimensional case, it is obvious that the dissipation
parameters in (24), rj, have to be chosen according to the value of the shift and the type of off-centering in the j-direction
ðrj P rminðbj;n; sj; �jÞÞ. It can shown that, by choosing exactly rj ¼ rminðbj;n; sj; �jÞ the Courant limit is maximized. How-
ever, to compute it explicitly, (as a function of shifts, order of approximation, and off-centerings) is not easy in the general
case.

In the particular case of a flat dþ 1-metric with zero shift, the Courant limit is easy to write down:
k 6
a0

2
ffiffiffiffiffiffiffiffi
dCn

p ;
where Cn is given in (20) and a0 ¼ Rlsia. In the general case, the Courant limit has to be evaluated numerically.
For the 1-D wave equation with shift b > 0 with upwind discretization of the advection term and adding the minimal

amount of dissipation if necessary, the limit of the Courant factor is given by
kðn;sÞðbÞ � a0

maxn2ðp;p� bX̂2ðnþ1Þ d̂ð1;n;sÞ

X̂2ðnþ1Þ � rðn;sÞþ

� �
þ i bd̂ð1;n;sÞ þ

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p� ���� ��� :

We compare the Courant limits for different orders of approximations at fixed advection stencil in Fig. 3, and the Courant
limit at fixed order of approximation for different advection stencils in Fig. 4.

In Fig. 3 we see that if s ¼ 0, the higher the order of approximation, the lower the Courant limit. For s P 1, this is not true
anymore beyond a certain value of the shift. For large shifts we observe that increasing the order of approximation, actually
decreases the Courant limit.

Comparing different stencils in Fig. 4, we observe that advecting more points decreases the Courant limit, and there is a
significant drop in the Courant factor between s ¼ 1 and s ¼ 2, for all orders of approximation.



Fig. 3. Courant limit as a function of b, for different orders of approximation at fixed off-centering s. For s ¼ 0 (left) no dissipation is needed, ðr ¼ 0Þ, and we
are in the regime of local stability on the imaginary axis ða0 ¼ 2:83Þ. For s ¼ 1 (middle), again no dissipation is needed ðr ¼ 0Þ, but now we are in the regime
of local stability ða0 ¼ 2:61Þ. For s ¼ 2 (right) dissipation is required and we add the minimum amount in order to attain stability.

Fig. 4. Courant limit as a function of b for different advection stencils at fixed order of spatial accuracy. From left to right: Courant limits at approximation
orders 2, 4, 6. As in Fig. 3 the Courant limit calculation takes into account whether we are in the regime of local stability on the imaginary axis (the case
s ¼ 0), or only local stability (for s P 1), and the minimal amount of Kreiss–Oliger dissipation is added for s P 2.
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5.3. Phase and group speeds

For the wave equation the continuum phase and group speeds are:
v̂p ¼ v̂g ¼ bn �
ffiffiffiffiffiffiffi
cnn

p
; where v̂p �

K̂
x0

; v̂g � nj d
dxj

K̂;
where bn ¼ bjnj and cnn ¼ cjlnjnl. The discrete speeds can be defined in a similar manner from the discrete eigenvalues K̂. This
would lead to complex speeds in case of off-centered schemes which are difficult to investigate [29]. In the following, we
assume that the real part of the discrete eigenvalues has been canceled by adding appropriate artificial dissipation terms
(positive or negative). Otherwise, our investigation remains valid only at small frequencies, where the damping/amplifica-
tion effect introduced by the real part is dominated by the dispersion effect associated to the imaginary part of the eigen-
values. With these remarks, we define the discrete speeds by:
v̂p �
K̂Im

x0
¼

Xd

j¼1

bjnj

d̂
ð1;n;sjÞ
j

nj

0@ 1A� ðhD̂ÞðnÞ
n0

;

v̂g � nj d
dnj
ðhK̂ImÞ ¼

Xd

j¼1

bjn2
j

@d̂
ð1;n;sjÞ
j

@nj
� @ðhD̂ÞðnÞ

@nj
nj

24 35:

We also restrict attention to the one-dimensional case. Because � speeds interchange when n changes sign, it is enough to
consider only the ‘‘+” speed over the whole spectrum n 2 ð�p;p�. Also because we will compare speeds at different orders of
approximation or at different stencils, we attach the superscript ðn; sÞ (or only ðnÞ in case s ¼ 0), to the symbols representing
the discrete speeds and the corresponding errors:
v̂ ðn;sÞp ðnÞ ¼ 1
n

bd̂ð1;n;sÞ þ
ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

q� �
;

v̂ ðn;sÞg ðnÞ ¼ d
dn

bd̂ð1;n;sÞ þ
ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

q� �
:

The continuum limits for both, phase and group speeds are bþ 1 for n > 0 and b� 1 for n < 0. We will analyze the behavior
of the speed errors defined as
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�̂ðn;sÞp � b
d̂ð1;n;sÞ

n
� 1

 !
þ

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p
n
� signn

 !
; ð51Þ

�̂ðn;sÞg � b
d

dn
d̂ð1;n;sÞ � 1

� �
þ d

dn

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

q
� signn

� �
: ð52Þ
We will also assume b P 0 without restricting generality, if b! �b, then �̂ðn;sÞp;g ðnÞ ! ��̂ðn;sÞp;g ð�nÞ.

5.3.1. Small frequencies
When n ’ 0 one can show that the phase and group speed errors satisfy
�̂ðn;sÞp ¼ �jcnj ð�1Þs ðnþ sÞ!ðn� sÞ!
ðn!Þ2

bþ signn
2ðnþ 1Þ

" #
n2n þ Oðn2nþ2Þ;

�̂ðn;sÞg ¼ �ð2nþ 1Þjcnj ð�1Þs ðnþ sÞ!ðn� sÞ!
ðn!Þ2

bþ signn
2ðnþ 1Þ

" #
n2n þ Oðn2nþ2Þ:
Because the errors scale with n2n, it is obvious that for small enough frequencies higher order approximations will improve
the phase and group errors for all the values of the shift and for all advection stencils.

If we keep the order fixed and compare the speeds corresponding to an off-centering by s P 1-points with the ones cor-
responding to the centered scheme, s ¼ 0, then one can easily show that the off-centered scheme improves over the centered
one

� the ‘‘+” numerical speeds ðn > 0Þ if s is odd and b is small enough;
� the ‘‘�” numerical speeds ðn < 0Þ if s is even and b is small enough where small enough means
b <
1

ðnþ 1Þ
1

ðnþsÞ!ðn�sÞ!
ðn!Þ2

� 1
:

Obs. For s ¼ 1, the above inequality becomes b < n
ðnþ1Þ. Also notice that with increasing s the above limit on b decreases.

In the next subsection we will analyze the behavior for the whole spectrum in some more detail.

5.3.2. Comparison with wave equation written in first order form
If the wave equation is written in first order form (approximating the first derivatives with the corresponding CFDO), then

the eigenvalues become ðhK̂�ÞðnÞ ¼ iðb� 1Þd̂ð1;nÞ. For n ’ 0 one then gets
�̂ðnÞp ¼ �ðbþ signnÞjcnjn2n þ Oðn2nþ2Þ;
�̂ðnÞg ¼ �ðbþ signnÞð2nþ 1Þjcnjn2n þ Oðn2nþ2Þ:
We notice that for a given order, the second order system discretized with CFDO, has smaller phase and group errors then the
first order one (for both eigenvalues), if and only if jbj 6 2nþ3

4ðnþ1Þ. If jbj is not in this interval then one pair of speeds (phase and
group) is better approximated by the second order system, while the other one is better approximated by the first order
system.

5.3.3. Scaling of the speed errors with the order of approximation

Lemma 5.1. If b ¼ 0, then increasing the order of approximation decreases the phase and group speed errors for all frequencies.

To prove this we make use of the relations (21) in the definitions of the speeds and obtain
v̂ ðnÞp ¼

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p
n

; �̂ðnÞp ¼

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p
n
� signn;

v̂ ðnÞg ¼
d̂ð1;nÞffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p ; �̂ðnÞg ¼
d̂ð1;nÞffiffiffiffiffiffiffiffiffiffi

d̂ð2;nÞ
p � signn:
Using the inequalities (18) and (19) one can easily show that j�̂ðnþ1Þ
p j < j�̂ðnÞp j and j�̂ðnþ1Þ

g j < j�̂ðnÞg j for all frequencies. The situ-
ation is illustrated in Fig. 5 where we plot the speeds v̂ ðnÞp and v̂ ðnÞg versus n.

If b–0 then it is not true anymore that higher order approximations improve the numerical speeds for all frequencies (not
even for the case of using CFDO). Though one can go into details and determine the regions in the spectrum where the scaling
with order fails, we restrict ourselves to illustrating this situation by plotting the numerical speeds versus frequency at a
particular value of the shift. In Fig. 6 we show the numerical speeds at different orders of approximation with the same
advection stencil when b ¼ 0:5.



Fig. 5. Phase and group speeds for b ¼ 0. The higher the order of the approximation, the more accurate the phase and group speeds are for all frequencies.
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5.3.4. Scaling of the speed errors with off-centering
The next question we want to answer is what happens with the numerical speed errors, if we keep the order of approx-

imation fixed and vary the off-centering of the first derivative. For example, we illustrate this situation in Fig. 7, when
b ¼ 0:5. As one can see already in these plots, although we know that off-centering increases the error of the finite difference
operator, it is not necessary that the numerical speeds will follow the same pattern, e.g. for this value of the shift, the ‘‘+”
speed seems more accurate with s ¼ 1 than with s ¼ 0 for all the spectrum. In the following we will determine the regions
in the ðn; bÞ-plane where off-centering improves the numerical speed errors over the centered scheme.

5.3.4.1. Phase speeds. Imposing j�̂ðn;sÞp� j < j�̂
ðn;0Þ
p� j and using the definition (51) yields the inequality
f ðn;sÞ1 ðnÞf ðn;sÞ2 ðnÞ b� bðn;sÞðnÞ
� �

< 0; ð53Þ
where
f ðn;sÞ1 ðnÞ � d̂ð1;n;sÞ � d̂ð1;n;0Þ;

f ðn;sÞ2 ðnÞ � d̂ð1;n;sÞ þ d̂ð1;n;0Þ � 2n;

gðnÞðnÞ � 2 jnj �
ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

q� �
;

bðn;sÞðnÞ � gðnÞðnÞ
f ðn;sÞ2 ðnÞ

: ð54Þ
We have gðnÞðnÞ > 0 but f ðn;sÞ1;2 can change sign over the spectrum. The inequality (53) holds at a given frequency n, if
b > bðn;sÞðnÞ and signf ðn;sÞ1;2 ðnÞ < 0 or b < bðn;sÞðnÞ and signf ðn;sÞ1;2 ðnÞ > 0. In general, the regions in ðn; bÞ plane where at fixed order
of approximation, off-centering by s points improves the accuracy of the phase speed, are difficult to determine analytically
Fig. 6. The phase and group speeds at different orders of approximation but keeping the level of off-centering fixed, for b ¼ 0:5.



Fig. 7. The phase and group speeds errors (scaled with n2n) are shown at different advection stencils for b ¼ 0:5.
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and we restrict ourselves to a numerical evaluation (Fig. 8). What we see in the plots is that if s is odd (even) then for suf-
ficiently small b, the ‘‘+” (‘‘�”) speed has smaller error compared with the case of CFDO in some intervals of the spectrum that
include the small frequency range. However these regions become narrower with increasing the off-centering, such that for
s ¼ 1 we have the strongest effect. We analyze this case in more detail below.

If s ¼ 1, the functions f ðn;sÞ1;2 and bðn;sÞ, defined in (54) become
Fig. 8. Shown are the regions where advected stencils improve the phase speed error over the centered scheme. The regions are delimited by the quantity
bðn;sÞ and the zeros of the function f ðn;sÞ1 as defined in (54).
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f ðn;1Þ1 ðnÞ ¼ jcn�1j
2
ðsin nÞX̂2n;

f ðn;1Þ2 ðnÞ ¼ d̂
jcn�1j

2
X̂2n þ 2ðd̂ð1;nÞ � nÞ;

bðn;1ÞðnÞ ¼
2 jnj �

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p� �
f ðn;1Þ2 ðnÞ

: ð55Þ
We have signf ðn;1Þ1 ðnÞ ¼ signn and f ðn;1Þ1 ð�pÞ ¼ 0.
Then the inequality j�̂ðn;1Þp j < j�̂ðn;0Þp j holds

� for n > 0 if bðn;1ÞðnÞ < 0 or 0 < b < bðn;1ÞðnÞ,
� for n < 0 if b > bðn;1ÞðnÞ > 0.

The limits of bðn;1ÞðnÞ in 0 and p are
lim
n&0

bðn;1ÞðnÞ ¼ � lim
n%0

bðn;1ÞðnÞ ¼ n
nþ 1

;

bðn;1ÞðpÞ ¼ �1þ 2
ffiffiffiffiffiffi
Cn
p

p
< 0:
It can be shown that the equation b ¼ bðn;1ÞðnÞ has at most one solution in each of the branches n > 0 and n < 0, that we will
denote by n�. It turns out that j�̂ðn;1Þp j < j�̂ðn;0Þp j holds if

� b < 1� 2
ffiffiffiffi
Cn

p
p and n 2 ð0;pÞ,

� 1� 2
ffiffiffiffi
Cn

p
p < b < n

nþ1 and n 2 ð�p; n�Þ [ ð0;pÞ,
� b > n

nþ1 and n 2 ð�p; n�Þ [ ðnþ;pÞ.
Shown are the regions where advected stencils improve the group speed error over the centered scheme. The regions are delimited by the quantity
d the zeros of the function Fðn;sÞ1 defined in (56).
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At a given order of approximation, 2n, for sufficiently small b < n
nþ1 the ‘‘+” speed has smaller error in the case when we

advect one point than in the case when we use CFDO, for all frequencies 0 < n 6 p, but the ‘‘�” speed will have larger error,
at least for small and mid frequencies.

If b > n
nþ1 then for both ± speeds, in the regime of small frequencies, the CFDO give less error than one-point advected

scheme, while for mid and high frequencies the situation reverses. The interval of small frequencies where CFDO are better
than advected scheme shrinks with increasing the order of approximation.
5.3.4.2. Group speeds. Imposing j�̂ðn;sÞg j < j�̂ðn;0Þg j and using the definition (52) yields the inequality
Fðn;sÞ1 ðnÞFðn;sÞ2 ðnÞ b� bðn;sÞðnÞ
� �

< 0;
where
Fðn;sÞ1 ðnÞ � @nf ðn;sÞ1 ðnÞ;
Fðn;sÞ2 ðnÞ � @nf ðn;sÞ2 ðnÞ;
GðnÞðnÞ � @ngðnÞðnÞ;

bðn;sÞðnÞ � GðnÞðnÞ
Fðn;sÞ2 ðnÞ

; ð56Þ
and f ðn;sÞ1;2 and gðnÞ are given by (54). It is easy to see that GðnÞðnÞ ¼ �GðnÞð�nÞ. However the signs of Fðn;sÞ1;2 ðnÞ are more difficult to
determine. As in the case of phase speeds analysis, we determine graphically (see Fig. 9) the regions in ðn; bÞ plane where at
fixed order of approximation, off-centering by s points improves the accuracy of the group speed. We see the same qualita-
tive behavior as for the phase speeds, in the sense that for sufficiently small b, the ‘‘+” (‘‘�”) speed has smaller error com-
pared with the case of CFDO at least at small frequencies, and off-centering decreases the extent of these regions in
ðn; bÞ-space.

In case s ¼ 1, the relations (56) become
Fðn;1Þ1 ðnÞ ¼ ðnþ 1Þjcn�1j
2

n
nþ 1

þ cos n

� �
X̂2n

Fðn;1Þ2 ðnÞ ¼ ðnþ 1Þjcn�1j
2

� n
nþ 1

þ cos n

� �
X̂2n;

bðn;1ÞðnÞ ¼
2 signn� d̂ð1;nÞ=

ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

p� �
Fðn;1Þ2 ðnÞ

: ð57Þ
By analyzing the monotony of these functions using the properties from Section 3.2, the following result can be formulated.
At a given order of approximation 2n, for sufficiently small b < n

nþ1, the ‘‘+” group speed has smaller error in the case when
we advect one point than in the case when we use CFDO for all frequencies 0 < n < p� arccos n

nþ1, (in the case of phase speed
this was the whole range ð0;pÞ!), but the ‘‘�” speed will have larger error, at least for small and mid frequencies.

If b > n
nþ1 then for both ± speeds, in the regime of small frequencies, the CFDO give less error than one-point advected

scheme, while for mid and high frequencies, the situation reverses. The interval of small frequencies where CFDO are better
than advected scheme narrows with increasing the order of approximation.
5.3.5. Centered versus one-point upwinded scheme, numerically
In Section 5.3.4 we showed that when 0 < b 6 n

nþ1 the numerical ‘‘+” speeds are better approximated with one-point off-
centered schemes than with centered schemes at least up to very high frequencies in the grid. In this section we show some
simple numerical tests to illustrate this fact. We chose l-periodic initial data:
Uð0; xÞ ¼ e�ð2pls2Þ�1 sin2 p
l x�p

2ð Þ;
Kð0; xÞ ¼ a@xUð0; xÞ; x 2 ½0; lÞ: ð58Þ
The parameter a 2 ½�1;1� sets the amplitude of the ‘‘±” components,
C� ¼ ða� 1Þ@xU:
When a ¼ 1ð�1Þ the signal is purely ‘‘left” (‘‘right”) going and when a ¼ 0, the signal is equally distributed between both
modes.

We choose a grid with N ¼ 101 points and resolution h ¼ 0:01, the width of the grid is l ¼ Nh ¼ 1:01. Also we chose
s ¼ 0:1; b ¼ 0:5 and we integrate the wave equation using fourth order FDOs for space derivatives and the fourth order Run-
ge–Kutta as time integrator.
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Fig. 10. The top panel shows the errors in the l2 norm, the bottom panel snapshots of U at t ¼ 99CT . The three cases from left to right are a purely left-going
signal ða ¼ 1Þ, a signal with equal amplitudes of left and right going modes ða ¼ 0Þ, and a purely right-going signal ða ¼ �1Þ. Red lines mark the centered
scheme, green the one-point advected stencil, blue the exact solution. For a ¼ 1 upwinding is more accurate, but the situation reverses if the signal is right-
going, for a ¼ 0 both schemes yield similar accuracy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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We let a 2 f1;0;�1g and for each value of a we look at the errors for the main variables when s ¼ 0;1 (see Fig. 10). The
numerical results show that, indeed, when the signal is ‘‘left” going, the upwinded scheme has less error than the centered
scheme, while when the signal is going ‘‘right”, the centered scheme is to be preferred.

6. Conclusions

In this paper we have investigated several aspects related to the discretization of the initial value problem for first order
in time and second order in space systems of differential equations, using high order finite difference operators. Special
attention has been paid to the situation when some of the first derivatives are approximated with off-centered discrete oper-
ators as is customary for treating black hole spacetimes in numerical relativity. Our investigation has been divided into three
parts: (a) We started with an analysis of certain properties of the finite difference operators (Section 3). (b) Using these prop-
erties we have extended the validity of an existing stability method (Section 4). (c) We analyzed the stability and the numer-
ical speeds in the case of the scalar wave equation (Section 5).

In the following we will give a brief overview of the results.

6.1. Analysis of first and second order discrete derivative operators

A set of mathematical properties have been deduced for the Fourier symbols associated with the second order centered
and first order (not necessarily centered) discrete derivatives. They are in the form of inequalities, recursive and differential
relations for the Fourier symbols at different orders of approximation or at different off-centerings. Here we mention two of
them.

While first derivatives do not converge in the limit n!1 at the maximum grid frequency ðn ¼ pÞ, second derivatives do
converge at all frequencies (that is the highest frequency in the grid will not be captured by the first order derivative, regard-
less of the order of approximation or the off-centering, while the second centered derivative can ‘‘see” it and approximates it
better with increasing order).

For first order derivatives, increasing the off-centering (s) at a fixed order of approximation increases the error of the
derivative at small frequencies. At larger frequencies this behavior changes, e.g. for s ¼ 1, beyond a certain frequency nðnÞ,
the error is smaller than for the case s ¼ 0. As a consequence, off-centering of the first order derivative in the case of the
advection equation, increases the error at small frequencies, while at high frequencies, this situation can reverse.
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6.2. Generalization of a stability analysis method

In [3], necessary and sufficient conditions for stability have been deduced assuming that (3) is discretized using 2nd or
4th order CFDOs and integrated in time using a time integrator locally stable on the imaginary axis. The validity of this sta-
bility method is extended here to 2n-order spatial accuracy, including also the case where some derivatives are approxi-
mated with non-centered FDOs and dissipation is added to the system. It is pointed out that neither adding artificial
dissipation nor shift advection terms affects the eigenvectors of the discrete symmetrizer, and thus the conditions for
semi-discrete numerical stability. The Courant limit will of course be affected in general.
6.3. Application: scalar shifted wave equation

The stability method presented in Section 4 is applied to the case of the wave equation on a curved background in dþ 1
dimensions.

In the case of 1-D shifted wave equation in flat spacetime, the Courant limits and the numerical speeds have been ana-
lyzed in detail in respect to the order of approximation and off-centering of the first derivative.
6.3.1. Courant limits
Off-centerings by more than one point require dissipation for stability. In these cases, the minimal Kreiss–Oliger dissipa-

tion needed for stability has been computed and found to be proportional to the shift b. For centered schemes, higher order
approximations have lower Courant limits. Interestingly, this does not hold for off-centered schemes (when adding just dis-
sipation to be in the local stability regime) — for large enough shift, the Courant limit is actually larger for higher order
schemes. Off-centering generally reduces the Courant limit drastically, except for at least fourth order accurate schemes,
when only one-point off-centering is used: for higher than fourth order schemes one-point off-centering only leads to a min-
or reduction of the CFL factor.
6.3.2. Numerical speeds
Without shift, higher order approximations always result in more accurate numerical speeds, with nonzero shift this is

not generally true at higher frequencies.
Although the truncation error for the first order derivative increases with the off-centering, the mixing with the second

order discrete derivative in the scheme, causes upwinded stencils to give a higher overall accuracy in some situations.
More precisely, it is shown that advecting shift terms by an odd (even) number of points reduces the errors of the ‘‘+”

(‘‘�”) numerical speeds in some intervals of the spectrum that include the small frequency range, if the shift is not too large.
The extent of the regions in the (frequency, shift)-parameter space where this improvement appears, decreases with off-cen-
tering, in such a way that for s ¼ 1 one gets the strongest effect.

Thus, at a given order 2n, if the shift satisfies 0 < b < n
nþ1, then off-centering by one point has in comparison with the cen-

tered scheme, better ‘‘+” phase speed error for all frequencies, and better ‘‘+” group speed error for all frequencies up to a
very high frequency in the grid, p� arccos n

nþ1.
If the wave equation is written in first order form and discretized using CFDO, then for a given order of approximation, the

second order system discretized also with CFDO has smaller phase and group errors than the first order one, if jbj 6 2nþ3
4ðnþ1Þ. If

jbj is not in this interval then one pair of speeds (phase and group) is better approximated by the second order system, while
the other one is better approximated by the first order system.

A detailed understanding of finite difference algorithms for first order in time, second order in space systems, in particular
as applied to the Einstein equations, will require significant further work. Already for the shifted wave equation, it will be
interesting to study the errors in the multidimensional case, e.g. when the wave propagates in a direction that is not aligned
with the grid. A similar analysis for the full Einstein equations will require a substantial use of computer algebra methods.
We also point out that for the Einstein equations much of the complications come from the nonlinear source terms, which
are beyond the scope of our present analysis.
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Appendix A. Explicit expressions for finite difference operators

Explicit formulas for general finite difference operators in one dimension can be constructed in a surprisingly simple way
by use of the in the following lemma.
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Lemma A.1. Consider a general finite difference operator Dðm;n;s;�Þ, which is written as a linear combination of shift operators of the
form (4)
Dðm;n;s;�Þ ¼ h�m
Xnþ�s

k¼�nþ�0s

~f m;n;s;�;kSk:
Then the coefficients ~f m;n;s;�;k are the coefficients of yk in the Taylor expansion of the function
f m;n;s;�ðyÞ ¼ yn��sðln yÞm
around the point y0 ¼ 1 up to the order ðy� y0Þ
2n. In general, the accuracy of this operator will be 2nþ 1�m.

To prove the lemma, it is enough to consider the scalar function vðxÞ ¼ eixx with x 2 C and the associated grid function. By
applying accordingly the differential and discrete operators we get:
@mvðxmÞ ¼ ðixÞmeixhm;

Dðm;n;s;�Þvm ¼ h�m
Xnþ�s

k¼�nþ�s

~f m;n;s;�;keixhðmþkÞ;

@mvðxmÞ ¼ Dðm;n;s;�Þvm þOðhqÞ: ð59Þ
Introduce y ¼ eixh which gives ix ¼ h�1 ln y. The relations (59) lead to
yn��sðln yÞm ¼
Xnþ�s

k¼�nþ�s

~f m;n;s;�;kykþn��s þOðhqþmÞy�mþn��s:
In the limit h! 0; y! 1. The function yn��sðln yÞm is now Taylor expanded around the point y0 ¼ 1 up to ðy� y0Þ
2n and the

coefficients ~f m;n;s;�;k are identified. What remains is:
Oððy� 1Þ2nþ1Þ ¼ OðhqþmÞy�mþn��s:
After replacing y with its definition and taking the limit h! 0 we obtain q ¼ 2nþ 1�m and the lemma is proved.

Corollary A.2. The FDOs associated with the first and second derivative are

Xnþ�s

Dð1;n;s;�Þ ¼ h�1

k¼�nþ�s
an;s;�;kSk;

Dð1;nÞ � Dð1;n;0;0Þ ¼ h�1
Xn

k¼1

kbn;k

2
Sk � S�k
� �

;

Dð2;nÞ � Dð2;n;0;0Þ ¼ h�2
Xn

k¼0

bn;k Sk þ S�k
� �

; ð60Þ
where
an;s;�;k ¼
ð�1Þkþ1ðnþsÞ!ðn�sÞ!
kðnþ�s�kÞ!ðn��sþkÞ! ; k–0;

�ðHn�s � HnþsÞ; k ¼ 0;

(
and bn;k ¼

2ð�1Þkþ1ðn!Þ2

k2ðnþkÞ!ðn�kÞ!
k P 1;

�
Pn
k¼1

bn;k k ¼ 0:

8>><>>:

In the relations above, Hn ¼

Pn
j¼1j�1 is the harmonic number. Note that kbn;k ¼ 2an;0;0;k for k P 1.

Appendix B. Finite difference operators in d-dimensions

Consider a d-dimensional grid defined by the set of points xm ¼ ðm1h1; . . . ; mdhdÞ, where m ¼ ðm1; . . . ; mdÞ is a multiple index,
mj 2 Z and hj represents the grid spacing in j-direction ðj ¼ 1; . . . ; dÞ. Corresponding to the continuum vector-function
v : Rd ! C� � � � � C we associate the grid vector-function v such that v ðmÞ � vðxðmÞÞ ¼ vðxðmÞÞ.

The shift operator by k-points in the j-direction, Sk
j is defined by
Sk
j v ðm1 ;...;mdÞ ¼ v ðm1 ;...;mjþk;...;mdÞ: ð61Þ
A discrete operator Dj acting in the j-direction is constructed as a linear combination of the shift operators defined in (61)
using the same weights as the corresponding one dimensional operator D; an operator Dj1 ���jr acting in j1 � � � jr-directions is
constructed as a composition of one-directional operators fD1

j1
; . . . ;Dr

jr
g:
Dj ¼
X

k

akðhjÞSk
j where D ¼

X
k

akðhÞSk; ð62Þ

Dj1 ...jr ¼ aðhj1 ; . . . hjr ÞD
1
j1

. . . Dr
jr
: ð63Þ
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In order to represent the functions in Fourier space, we consider only grid function which are periodic in each direction and
limit the grid to having a finite number of points, Nj for the direction j; j ¼ 1; . . . ; d. We introduce
h ¼ ðh1; . . . ; hdÞ; N ¼ ðN1; . . . ;NdÞ;

bmðxÞ ¼ ð2pÞ�d=2eixxm ;

Vh ¼ h1 � � �hd;

SxðNÞ ¼ SxðN1Þ � � � � � SxðNdÞ;
SxðNÞ ¼ SxðN1Þ � � � � � SxðNdÞ;
SnðNÞ ¼ SnðN1Þ � � � � � SnðNdÞ:
In the relations above, SxðNj 2 NÞ, SxðNj 2 NÞ and SnðNj 2 NÞ have been defined in (8), (11) and (14), respectively. Then, the
formulas for the Fourier decomposition (9), scalar product and a norm (12) and Parseval relation (13) are valid also in d-
dimensions.

Let n 2 SnðNÞ and apply the shift operator by k-points in the j-direction Sk
j on a basis vector bmðxÞ. This leads to
Sk
j bmðxÞ ¼ bSkðnjÞbmðxÞ; with bSkðnÞ ¼ eink:
Then the Fourier symbols for the operators Dj and Dj1 ...jr from (62), (63) are defined by:
DjbmðxÞ ¼ bDðnj; hjÞbmðxÞ;

Di1 ���ir bmðxÞ ¼ bDðni1 ; . . . ; nir ; hi1 ; . . . ;hir ÞbmðxÞ;
withbDðnj; hjÞ ¼

X
k

akðhjÞbSkðnjÞ;

bDðni1 ; . . . ; nir ; hi1 ; . . . ;hir Þ ¼ aðhi1 ; . . . ; hir ÞbD1ðni1 Þ � � � bDrðnir Þ:
Appendix C. Further properties of the Fourier symbols

1. Recurrence relations:
d̂ð1;nþ1Þ ¼ d̂ð1;nÞ þ d̂jcnjX̂2n;

d̂ð2;nþ1Þ ¼ d̂ð2;nÞ þ jdnjX̂2nþ2;

d̂ð1;n;sÞ ¼ d̂ð1;n;s�1Þ � ð�1Þs

ðnþ sÞCnþs
2n

X̂2nþ1 cos
ð2s� 1Þn

2
;

d̂ð1;n;sÞ ¼ d̂ð1;n;s�1Þ � ð�1Þs

ðnþ sÞCnþs
2n

X̂2nþ1 sin
ð2s� 1Þn

2
:

2. Small frequency behavior:
d̂ð1;n;sÞ ’ n 1� ð�1ÞnTð1;n;sÞn2n
h i

;

d̂ð1;n;sÞ ’ ð�1Þns
2nþ 1
2nþ 2

Tð1;n;sÞn2nþ2;ffiffiffiffiffiffiffiffiffiffi
d̂ð2;nÞ

q
’ n 1� ð�1Þn

2
Tð2;nÞn2n

	 

:

3. Sums
X1
k¼0

jckjx2k ¼
arcsin x

2

x
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

2

� �2
q ;

X1
k¼0

jdkjx2k ¼
arcsin x

2
x
2

� �2

:
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4. Limits n!1:
lim
n!1

d̂ð2;nÞðnÞ ¼ n2; 8n 2 ½0;p�;

lim
n!1

d̂ð1;n;sÞðnÞ ¼ n; 8n 2 ½0;pÞ;

lim
n!1

d̂ð1;n;sÞðnÞ ¼ 0; 8n 2 ½0;p�;

lim
n!1

r̂ðnÞðnÞ ¼ 0; 8n 2 ½0;pÞ:
5. The Dð2;nÞ-norm defined by
kvk2
h;Dð2;nÞ ¼

1

h2

Xd

i¼1

Xn

k¼1

jdk�1jkðhDþiÞkuk2
h þ kvk

2
h

is equivalent with the Dþ norm. This norm has been used to prove strong stability of the initial boundary value problem for
the wave equation in [16] for the second and fourth order accuracy case.
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